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1. Introduction 

An extension to several non-commuting variables of the Szego orthogonal polynomi- 
als on the unit circle was considered in [B]. Some of the basic algebraic results on these 
polynomials were also obtained, including recurrence equations, Christoffel-Darboux 
formulae, and a Favard type result. Also, it was explained their connection with dis- 
placement structure theory. Our main goal is to continue to investigate this kind of 
polynomials and in this paper we focus on some of their asymptotic properties. There 
are several fundamental results of G. Szego involving asymptotic properties of the or- 
thogonal polynomials on the unit circle. Thus, let T be the unit circle and let \x be a 
positive Borel measure on T with log// G L 1 . Also let {(p n } n >o be the family of or- 
thogonal polynomials associated to \i and <Pn(z) = z n (p n (l/z), n > 0. It is well-known 
(see [15]) that 

(1-1) Vn^O 

and 
(1-2) 

where M is the spectral factor of n and the convergence is uniform on the compact 
subsets of the unit disk D. The second limit (jl.2|) is related to the so-called Szego limit 
theorems concerning the asymptotic behaviour of Toeplitz determinants. Thus, 

det T n 1 

detT n _x ~ |^(0)| 2 ' 

where T n = [si-j]",-=o an d {sk\k& is the set of the Fourier coefficients of /i. As a 
consequence of the previous relation and (jl.2)l we deduce Szego's first limit theorem, 

Het T 1 f 2lT 

(1.3) hm — — =- = | ,(O)| 2 = exp(- / log fi'(t)dt). 

n— >oo det l n —l 27T Jq 



The second (strong) Szego limit theorem improves (jl.3)l by showing that 

< L4 > 2z$® = exp (I S w^m^m) • 

where g(n) is the limit in (jl.3j) and a is the planar Lebesgue measure. These two limits 
()1.3|) and (|1.4jl have an useful interpretation in terms of asymptotics of angles in the 
geometry of a stochastic process associated to \i (see [12 J. 

Our goal in this paper is to extend these results to the class of orthogonal polynomials 
on several non-commuting variables introduced in The paper is organized as follows. 
In Section 2 we review notation and a framework for studying orthogonal polynomials 
associated to polynomial relations on several non-commuting variables. Thus the paper 
can be read independently of jS] and 6j. In Section 3 we analyse the case of no relation 
in dimension one. It turns out that this is, in fact, the most general situation, and 
for this reason we treat this case separately. The main result is Theorem 3.3, which 
extends (jl-ljl and (jl.2|) . Theorem 3.4 contains extensions of (11.3)) and (jl.4|) . In Section 4 
we discuss a few examples. First, we show how to recapture the classical setting of 
orthogonal polynomials on the unit circle and on the real line. Then, we turn our 
attention to the orthogonal polynomials considered in [Uj. 

2. Preliminaries 

We introduce some necessary terminology and notation. Especially, we briefly review 
a rather familiar setting for orthogonal polynomials associated to relations on several 
variables (for some details, see 0]). 

2.1. Tensor Algebras. Let be the unital free semigroup on N generators 1, . . . ,N 
with lexicographic order -<. The empty word is the identity element and the length of 
the word a is denoted by \a\. The length of the empty word is and 1(a) denotes the 
number of words t < o. 

The tensor algebra over C N is defined by the algebraic direct sum 

r N = ® k > (c N r k , 

where (<C N )® k denotes the fc-fold tensor product of with itself. The addition is the 
componentwise addition and the multiplication is defined by juxtaposition: 

(x ®y) n = ^2 Xk ® Vh 

k+l=n 

If {ei, . . . , eAr} is the standard basis of C N , then {e^ ® . . . <g> e,i k | 1 < i\, . . . , i& < iV} is 
an orthonormal basis of TJy. If a — i\ . . . i& then we write e CT instead of ® . . . ® e^, 
so that any element of TJv can be uniquely written in the form x = J2 a£¥ + c a e a , where 
only finitely many of the complex numbers c a are different from 0. 

Another construction of 7/v is given by the algebra Vn of polynomials in iV noncom- 
muting indeterminates Xi, . . . ,X^ with complex coefficients. Each element P e Vn 
can be uniquely written in the form P = X],tgf + c <yX a , with c CT ^ for finitely many 
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cr's and X a = . . . Xi k where a = i\. . .i k G F^. The linear extension $1 of the 
mapping e a — > X a , a G F^, gives an isomorphism of 7/v with Vn- 

Another known realization of the tensor algebra was used in [Hj in order to establish a 
connection with the displacement structure theory. This was useful since many results 
for the tensor algebra could be seen just as particular instances of more general results 
in the triangular algebra. Thus, let £ be a Hilbert space and define: £q = £ and for 
k > 1, 

(2.1) £ k = £ k - 1 ®...®£k-i = £^ v 

v ' 

TV terms 

For £ = C we have that can be identified with (^£, N )^ k and 7/v is isomorphic to the 
algebra Cn of lower triangular operators T = [T k j] G C(®k>oCk) with the property 

(2.2) T k j = Xfc_i © ... © T fe _i = T®^[ ■ v 

" v ' 

N terms 

for k < j, k,j > 1, and Tj$ = for all sufficiently large j's. The isomorphism is given 
by the map $2 defined as follows: let x = (xo,£i, . . .) G 7/v (x p G (C N )® P is the pth 
homogeneous component of 2); then x p = J2\a\= P c o e a anc ^ f° r 3 — 0' ^i,o is given by 
the column matrix [c CT ]f where "i" denotes the matrix transpose. Then Tj t o = for 
all sufficiently large j's and we can define T G £(©fc>oC,t) by using (jH.lj) . Finally, set 
$ 2 (x) = T. 

2.2. Spectral Factorization. We briefly review the spectral factorization of positive 
definite kernels on the set No of nonnegative integers. For more details, see [1.. Let 
£ be a Hilbert space and let V + (£) be the set of positive definite kernels on N with 
values in £(£). The order on V+(£) is: K\ < K 2 if K 2 — K\ belongs to V + (£). Next 
consider a family T = {J r n }n>o of Hilbert spaces and call lower triangular array a 
family = {®k,j}k,j>o of operators Qk,j G L{£,Tk) such that Qk,j = for k < j and 
each column Cj(0) = [®k,j]k>o, j > 0, belongs to £(£, ®k>jFk)- Denote by H 2 {£^T^ 
the set of all lower triangular arrays as above. A lower triangular array is called outer 
if the set {cj(Q)£ \ j > k} is total in @j>kFj for all k > 0. If is an outer triangular 
array, then the formula 

K e {k,j) = c k {ey Cj {e) 

defines an element of V + {£). For the proof of the following result see Chapter 5. 

Theorem 2.1. Let K be an element ofV + (£). Then there exists a family J 7 = {J r n } n >o 
of Hilbert spaces and an outer triangular array G H 2 (£, T) such that 

(a) K e < K. 

(b) For any other family T' = {F' n }n>Q of Hilbert spaces and any outer triangular 
array 0' G H 2 {£ } T'} such that K@> < K, we have Kqi < K®. 

(c) is uniquely determined by (a) and (b) up to a left unitary diagonal factor. 
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2.3. Orthogonal Polynomials. Let V 2 n be the algebra of polynomials in 2N non- 
commuting indeterminates X\,. . .,X N , X N+ i,. . .,X 2 n with complex coefficients. An 
involution J can be introduced on P 2 at as follows: 

J {Xk) = X N+k , k = 1, . . . , N, 

J(X l )=X l - N , l = N + l,...,2N; 

on monomials, 

J(X h . . .X ik ) = J{X ik ) . . .J(X h ), 

and finally, if Q = Y.aeF+ N c ° X ^ tnen J(Q) = T, a ev+ N ^aJ(X a ) • Thus, V 2N is a 
unital, associative, *-algebra over C and we notice that Vn is a subalgebra of V 2 n- 

We say that A C V 2 n is ^-symmetric if P G A implies cJ(P) G A for some 
c G C — {0}. We construct an associative algebra Tm(A) as the quotient of V 2 n by 
the two-sided ideal 8(A) generated by A. We notice that T/\r(0) = V 2 n- We let 
71 = 71-.4 : V 2 n —>■ Tn(A) be the quotient map and since A is j7"-symmetric, 

(2-3) JaW)) = <J(P)) 

gives an involution on T^(A). We will be interested in linear functionals <fi on T^(A) 
with the property that <P(J^(ti(P))ti(P)) > for all P G P^v and we will say that <fi is 
a positive functional on 7^(^4). We notice that ^(^(^(P))) = 0(7r(P)) for P G Pa? 
and 

|0(X^(vr(Pi))7r(P 2 ))| 2 < 0(^(7r(Pi))7r(P 1 ))0(Xl(7r(P 2 ))7r(P 2 )) 
for P 1; P 2 G Pjy. 

We now consider the GNS construction associated to 0. Thus, we define on tt(Vn), 
(2-4) <tt(Pi), vr(P 2 )>^ = <P(J A (n(P 2 )n(P 1 )), 

and factor out the subspace = {tt(P) | P G Pat, (7t(P),7t(P))^ = 0}. Completing 
this quotient with respect to the norm induced by ()2.4j) we obtain a Hilbert space Ti^. 

From now on we will assume that is strictly positive, that is, 4>(J a (ti(P))ti(P)) > 
for all P G Pjv — 8(A), so that A/^ = {0} and tt(Vn) can be viewed as a subspace of 
Tij,. The mdex sei of A, G C F^, is chosen as follows: let G G; if a G G, choose 
the next element in G to be the least (3 G such that the set of elements ir(X a /), 
a' ^ a, and it(Xp) is linearly independent. Define F a = 7r(X a ) for a G G and set 
B = {F a }a£G- Let G„, = {« G G |a| = n}, then G = {0} and {G„}„>o is a partition 
ofG. 

Since is strictly positive it follows that B is a linearly independent family in Ti^ and 
the Gram-Schmidt procedure gives a family {<p a }aeG of elements in ti(Vn) C 7/v(^4.) 
such that 

(2.5) <^ a = ^Ja^F^, aa ' a > 0; 



(2.6) 



{ < Pa, ( Pp)<t> = $a,Pi a,PeG. 
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The elements (p a , a G G, will be called the orthogonal polynomials associated to <fi. 
Typically, the theory of orthogonal polynomials deals with the study of algebraic and 
asymptotic properties of the orthogonal polynomials associated to strictly positive func- 
tional on Tn(A). We also notice that the use of the Gram-Schmidt process depends on 
the order that we have chosen on F^-. A different order would yeald a different family 
of orthogonal polynomials. Due to the natural grading on F^ it is possible to develop 
a base free approach to orthogonal polynomials. In the case of orthogonal polynomials 
on several commuting variables this is presented in j^j. However, in this paper we stick 
to the lexicographic order on F^ (and on the index set G). 

An explicit formula for the orthogonal polynomials can be obtained in the same 
manner as in the classical (one scalar variable) case. Define 

(2.7) s a> p = <P{J A {F a )F[j) = (Fp, F a )^ a,/3eG, 
and 

(2.8) D a = det [s a ',p'] a ',p^a > °> aeG - 

We notice that is a positive functional on T N (A) if and only if K^a, 0) = s a> p, 
a, (3 G G, is a positive definite kernel on G. While the kernel characterizes the 
positivity of the functional and contains the basic information for the construction 
of the orthogonal polynomials, in general it does not determine <fi uniquely. We will 
occasionally say that the orthogonal polynomials are associated to the kernel rather 
then itself. One typical situation when determines <fi is when {J(Xk) — \ 
k + 1, . . . , N} C A; another example is provided by the Wick polynomials, 

N 

XiJ{Xi) - 5 l3 + TSj{X l )X k , i,j = l,...,N, 

k,l=l 

where Th are complex numbers and Sij is the Kronecker symbol (see [Tlj). 

From now on r — 1 denotes the predecessor of r with respect to the lexicographic 
order on F^, while a+1 denotes the successor of a. It is showed in jl] that (p% = s^ 2 
and for -< a, 



(2.9) cp a = det 



*a',P'\ a > <a .p/^ a 



with an appropriate interpretation of the determinant. In most of the cases, the formula 
(|2.9j) is not very useful for the actual computation of the orthogonal polynomials or for 
their study. Instead there are used recurence formulae. We discuss several examples 
in the next sections. 

3. The case A = 0, iV = 1 

It turns out that this is, in fact, the most general situation. For this reason we treat 
this case separately. For ^4 = and N — 1, the index set is G = No and a linear 
functional on V2 is positive if and only if K^(n,m) = ifi^J'^X^X™), n,m G N , is a 
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positive definite kernel on No. However, K$ does not completely determine 0. Thus, 
there is no way to deduce <f>(X 1 J'(Xi)) from in general. Still, we notice that there 
is no other restriction on K^, in the sense that given a positive definite kernel K on 
No, there exist positive functional 4> on ^2 such that K$ = K. This is done simply by 
the linearization of any function (p : FJ, ^ C such that ^(^(X^Xp) = K(a,(3) for 

Let {7fcj}o<fc<j be the parameters associated to by jl], Theorem 1.5.3. Assuming 
that <fi is strictly positive means \~jk,j\ < 1 for all < & < j. Define dkj = (1 — |Tfe,j | 2 ) - 
An explicit connection between and {jk,j}a<k<j is given by formula (1.4.6) in jl], 



(3.1) 



Sfe, 



42 [* - ]Ukj 



1 





1/2 
s j,j ' 



where Uj-j is defined by (1.5.5) in j3j. For a better understanding of this formula it 
could be useful to write it explicitely for a few particular indices and to answer a related 
combinatorial question. Thus, 



soi 
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'OQ 
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doi 
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A natural combinatorial question would be to calculate the number N(skj) of additive 
terms in the expression of s^j. Thus, for k > 0, 



iV(soi) 


= N(s k}k+1 ) 


= 1, 


N(s 02 ) 


= iV(s fe)fc+2 ) 


= 2, 


N(s 03 ) 


= N(s ktk+3 ) 


= 5. 



The general formula is given by the following result. 



Theorem 3.1. N(sk,k+i) ^ given by the Catalan number 




Proof. The first step of the proof considers the realization of Skj through a time varying 
transmission line (or lattice) (see [3], Chapter 4, for more details). For illustration we 
consider the case of S03 in Figure 1. 



A 



B 







Figure 1. Lattice representation for s Q3 

Each box in Figure 1 represents the action of the unitary matrix 

7fcj dkj 
dk,j -Jk,j j 

and we see that the number of additive terms in the formula of S03 is given by the 
number of paths from A to B in Figure 1. In it clear that to each path from A to B 
in Figure 1 it corresponds a "good" path from C to D in Figure 2, that is, a path that 
never steps below the diagonal and goes only to the right or downward. 



C 



G — © O O 



O © — © — © 



O O O () 
O O O (!) 



D 



Figure 2. A "good" path from C to D 
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More precisely, each box in Figure 1 corresponds to a point strictly above the diagonal 
in Figure 2. Once this one-to-one correspondence is established, we can use the well- 
known fact that the number of "good" paths like the one in Figure 2 is given exactly 
by the Catalan numbers. □ 

Returning to orthogonal polynomials, we notice that they obey the following recur- 
rence relations (see [Uj, formulae (3.10) and (3.11)): 

(3.2) <p (x, I) = vUx, = 1 e No, 

and for n > 1, I G No, 

(3.3) <p n (X, 1) = (Xtp^iX, l + l)- ^n+^LxtX, I)) , 

(3.4) tfh(X, 1) = -^— (-^n+iXtp^X, l + l) + cpl^X, I) 

where cp n (X) = <p n (X,0) and <Pn(X) = <fr n {X, 0). While it is clear how to recover 
the coefficients jk,j from K^, it appears to be also useful to recover these parameters 
from the orthogonal polynomials. It follows from the proof of Theorem 3.2 in [S| 
that {ip n (X, l)} n >o is the family of orthogonal polynomials associated to the kernel 
K^a, (3) = s a+ ifl + i, a, (3 6 N . Let k l n be the leading coefficient of (p n (X, I). We obtain 
the following formula for the parameters 7^. 



Theorem 3.2. For I E N and n > 1, 

1/2 — LIZ ,,. 

^ n+ i = -s 00 s l+ i l+1 ip n (0,l) 



zJ+i a+i 

1/2 -1/2 /n A 1 • • • K n-1 



U U 
h-y . . . fv n 

Proof. We deduce from ()3.3|) that 

¥>n((M) = -^^-1(0,0, 
Ul,n+l 

and from formula (|3.4j) we deduce 

1 n 1 

i) = -j— v4-i(o, /)=...= ^ /2 n t- 

hence 

n ^ 

(p n (0, 1) = -S^J /2 7 ijn+ i JJ — 



p=1 ^i,p+i 



Using Theorem 1.5.10 in jl], we deduce that 



IK 



2 -1 A,/+n 



p=l Sl+l,l+n 



so that, 

in c\ V 2 -1/2 / n A / ^M+»» 

On the other hand, (j3.3|) gives that 



l+l,l+n 



n-1 



*t=n 5 - J — ■ 

" a l+p,l+n 



P= 

and using once again Theorem 1.5.10 in [3], we deduce 



k 



Dll+n- 



n 



D, 



Ll+n 



This implies that 

.,1/2 

ft j . . . fi, n 



and this can be used in (|3.5|) in order to conclude the proof. □ 

We now develop an analogue of (jl.ljl and f)l .2j) . The formulae (|3.3|) and f)3.4|) suggest 
that it is more convenient to work in a larger algebra. Thus, we consider the set 
1Z\ of lower triangular arrays a = [o>k,j]k,j>o with complex entries. No boundedness 
assumption is made on these arrays. The addition in TZ± is defined by entry-wise 
addition and the multiplication is defined as follows: for a = [dk,j]k>j, b = [bkj]k,j>o 
two elements of TZi, 

{ab) k j = y] ak,ik,j 

l>0 

(the sum is finite since both a and b are lower triangular). Thus, 1Z\ becomes an 
associative, unital algebra. 

Next we associate the element $ n of TZi to the polynomials (p n {X, I) = YHt=o a n kX k , 
n, I > 0, by the formula 



(3.6) ($ 



n)k,j 



a i,k-j k >3 
k < j; 



similarly, the element $^ of IZi is associated to the family of polynomials <fn(X, I) = 
YH=o b l n } kX k , n,l>0 : by the formula 

(3.7) (*<)*, = { <M Hi 

We notice that since is a scalar-valued kernel, the Hilbert spaces T n , n > 0, 
given by Theorem 12.11 are at most one- dimensional (see jl], Section 5.1 for details). 
This implies that we can uniquely determine the spectral factor of K$ by the 
requirement that (Q<j,) n ,n > for all n > 0. Also, 0^ G TZ%. From now on we assume 
that (©0) n>n > for all n > and we say that in this case (or K$) belongs to the 
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Szego class. By formula (5.1.5) in j3J, it follows that <fi belongs to the Szego class if 
and only if 



(3.8) s k)k Y\ 4,n > 

n>k 

for all k > 0. This implies, in particular, that is invertible in IZi for all n > 0. 
Finally, we say that a sequence {a n } C IZi converges to a e IZi if {{a n )kj} converges to 
cik,j for all k,j>0 (and we write a n — > a). We now obtain the following generalization 
of'(HH) and (P - 

Theorem 3.3. Let belong to the Szego class. Then 



(3.9) $ n -> 
and 

(3.10) (<s>t)- 1 -> e*. 

Proof. First we show (|3.9J1 . It is convenient to consider the natural derivation on Pi; 

n 

pW = ^ka k X k -\ 

k=l 

and then, for k > 1, 

p(fe) _ /p(*-l)\(l)_ 

We see that ()3.9|) is equivalent to 

for each fixed k,l > 0. We claim that 

(3.11) ^|^(0,/)| 2 <oo 

n>0 

and for each Z, k > 0, 

(3.12) lim (^) (fc) (°> exists and is finite - 

n— >oo 

We prove these statements by induction on k > 0. For = we use the formula 

<p n (0, I) = -S^Sz.n+Z TT • 

obtained in the proof of Theorem 13.21 in order to deduce that 



n 

n>0 n>0 p=l l 'P+ l 
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Since belongs to the Szego class, we have that 

9l = $1,1 Y\_ d hn > °, 



n>l 



hence Yl p =i — c i f° r some Q > and all n > 0. Also, for all n > 0, 



i, P +i 



\ll,n+l\ 2 < 00. 

n>0 

In particular, ji tn+ i — > as n — > oo; all of these give (|3.11|) and ()3.12|) for k = and 
all / > 0. 

We now proceed to prove the general case. From (J3.3|) and (|3.4j) we also deduce 

(3.i3) rf)(o,i) = ^— (a^ou+i) -%n + i(A-i) (k) m 



d, 



l,n+l 



(3.14) (^) (fc) (0,0 = ^- (-^,n + ^i-" 1 1) (0,/+ 1) + (^-i) (fe) (0,0 
for k > 1. 

Since /c > 1, (<£>o)^(0, Z) = 0, and we deduce from ()3.14j) that 



^(o.Z + i). 



V P=1 a ^+7 i= i \ q =i J 

By Schwarz inequality, 

E;>i fry* (lU=i ^(0, i + 1)1 

< (E^iiwnu^) 173 (Ei>i 1^(0, / +i)r) 1/8 . 

Again, since belongs to the Szego class and Ylq=i ^i, q +i < 1, we deduce that 

<^(E,->i Iv?_"i 1) (o,z + i)| 2 ) 1/2 . 

This and the induction hypothesis give that the series 

e^+* (n^) ^(o^+i) 

i>i \9=i / 



converges absolutely and since 



n 1 s 
lim IT = — < x . 



p= 

we deduce that lim ri ^ oo (^)( fc ^(0, 1) exists and is finite. 

n 



Using (jHHSD , 



+2^E„>i^l^-"i 1) (o,/ + i)7^(^-i) (fc) (o,OI 
+ E„>i^l7^| 2 l(^ti) (fc) (o,OI 2 - 



Since for sufficiently large n, d^ n+ i > C\ > and |(v?„,_i)^(0, Z)| < C/, another 
application of the Schwarz inequality, the fact that <p belongs to the Szego class, and 
the induction hypothesis give that ^ n>1 (0, l)\ 2 < oo. In particular, <fn\o,l) — > 
as n — > oo, concluding the proof of ([3.9)1 . 

A convenient proof of ()3.10|) can be based on the so-called Toeplitz embedding, sys- 
tematically used in [5] . This approach would also explain the meaning of the elements 
$ n , & n of TZi. Define, for n > 1, 

/■p \ _ / lk,j j = k + n 
K n)k ' j \ otherwise. 

Then let A = [Aj-k] k >0 be the positive definite Toeplitz kernel associated by Proposi- 
tion 1.5.6 in jl] to {r n } n >x and A = [s^]. By Proposition 1.6.10 (a) in jlj, is just 
a compression of the kernel A. By Proposition 1.6.10 (b) and Theorem 5.1.2 in |3], 
the spectral factor 9^ of is a corresponding compression of the spectral factor of 
A. The key point of the proof is the connection between <3> n and the right orthogonal 
polynomials of A. For details on operator- valued orthogonal polynomials see pQ. Thus, 
let {R n } n >o be the set of the right orthogonal polynomials of A, 



Rn{z) — '^^R n ,kZ k , R n ,n > 0, 



fc=0 

and define R n = z n R n (l/z)* = J2k=o n R'"-,n-kZ k . Also, define 

Pn — \_Rn,m • • • ; -^n,o] 

and let p n be obtained by canonical reshuffle of p n ([IS], Chapter 7). Then, 

$8 = f In 
n [ p n 

where I n denotes the n x n identity matrix. This relation can be easily checked by 
using the characterization of 

[Rnfii ■ • • i Rn,n\ 

as the unique solution of 



[^4j-fc] <fc j< n [Rn,0, ■ ■ ■ , Rn,n] — [0, • • • , 0, D n ] , 
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where D n is a positive operator, and the orthogonality properties of {0 n }n>o- Finally, 
an application of Theorem 4.37 in pQ concludes the proof. □ 

In order to provide generalizations of (|1.3|) and (jl.4j) in this setting we consider first 
their geometrical interpretation. Thus, by a result of Kolmogorov, is the covariance 
kernel of a stochastic process {f n }n>o C L 2 (fj,) for some probability space (X, A4,/i). 
That is, 

K^m.n) = / f n 7 m dfji. 
Jx 

We can suppose, without loss of generality, that {f n }n>o is total in L 2 (/i) and for p < q 
we introduce the subspaces £ PA given by the closure in L 2 (fj,) of the linear span of 

{fk}i =p - 

The operator angle between two spaces S\ and £ 2 of L 2 (fi) is defined by 

B(£ u £ 2 )=P £l P £2 P £l , 
where P £l is the orthogonal projection of L 2 (fi) onto E\. Also define 

A(£ l ,£ 2 ) = I- B(S 1 ,S 2 ). 

We associate to the process {f n } n >o a family of subspaces H. rA of L 2 (/i) such that 
H r ,q is the closure of the linear space generated by r < k < q. 

The geometric interpretation of the limits ()1.3|) and ()1.4|) is discussed in jT2] and 
nonstationary extensions are presented in Chapter 6. The interpretation of the 
second Szego limit theorem in jlj required a stochastic process indexed by the set of 
integers, which is not the case in our situation. So, we need a modification of that 
interpretation that fits into our setting. Thus, we consider first the scale of limits: 

(3.15) S - lim A(Ho,n,'Hn+l,r) = A(W ,n, Wn+l,oo) 

r— »oo 

for n > 0, and then we let n — > oo and deduce 

(3.16) S - lim A(W 0> n, Wn+l.oo) = A(7i ,oo, n n > 7Y n ,oo), 

n— >oo 

where s — lim denotes the strong operatorial limit. 

We then deduce analogues of the Szego limit theorems by expressing these limits in 
terms of the determinants D r q = det [K^(r', q')] r<r , ql< , r < q. 

Theorem 3.4. Let <fi belong to the Szego class. Then 

D r s rr 

(3.17) r ' = s r>r det A(H r>r , H r +i, q ) - 



2 



(3.18) lim _^ r ' g = s rr det A(H r)r ,H r+lj00 ) = \Q^,(r,r)\ 2 = s r r TT d 2 



r,r+j " 

i>i 



J/ we denote the above limit by g r and 

L = lim FT 4 i > 0) 



n— >oo 

0<fc<n<j 
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then 

' n ^°°nr=o^ det A(7i ,oo,n„> 7Y niOO ) L' 

Proof. The connection between the operator angles and determinants of type D r ^ q is 
given by the following formula which is a consequence of Lemma 6.4.1 in for 

r < I < q, 

(3.20) det A(H r , b H l+1 , q ) = . 

Then Theorem 1.5.10 in 4j allows the computation of D r q in terms of the parameters 
jij. Noticing that D r ^ r = s rtr and using the formula ip q (0,r) = YYi=i d 1 +[ obtained in 
the proof of Theorem 13.31 we deduce that 

= &r T det A (^~^r r 5 ^"^r-fl q) 



D r +l,q 



Ylr<k<j<q ^k,j 

,r ' r n 

Li-r+l<k<j<q U k,j 



S r,r Tlj=l d r . 



T+1 l^(0,r)| 2 ' 



which is f!3.17|) . This relation and Theorem 6.2.2 in [3] imply ()3.18|) . 
Using again ()3.20|) . we deduce for n < r, that 



det A(7i 0i n, T~t n +i, 



Do,r 



Dn„D 



0,n-'-^ra+l,r 



rio<A:<n<7<r ^\ 



W<k<n<j<r k,ji 

hence 

det A(H ,n,'Hn+i,oo) = Hm det A(H 0>n ,H n+1>r ) = If d 2 



k,j- 

0<k<n<j 



On the other hand, 



which shows that 



nr=o 9 1 ri;=o rij>i 

Do,n Yio<k<j<n dt,j 

= llo<fe<n<j ^k,ji 

_ Uto9i 



det A(H 0jn , H n+ i 



Do,n 

hence fl3~lH . □ 
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Formula ()3.18|) would represent an analogue of (jl.Hjl . while ()3.19|) is an analogue of 
(jl.4j) . It would be of interest to express the limit in (J3.19|) in terms of the spectral 
factor 0^,. 

4. Some examples 

4.1. Polynomials on the unit circle. Consider A = {1 — J~(Xi)Xi}. In this case 
the index set is No and if is a linear functional on Ti(A), then 

K 4,(71 + k,m + k) = K^n, m), m,n,k G No, 

which means that is a Toeplitz kernel. It turns out that the parameters {'Jkj} 
also satisfy the Toeplitz condition, •y n+ k t m+k = 1n,m, n < m, k > 1. The orthogonal 
polynomials associated to <fi are then the orthogonal polynomials on the unit circle and 
(|3.3|) . (|3.4j) reduce to the classical recurrence equations in [IE] . Also, Theorem 13.31 and 
Theorem 13.41 reduce to the classical results of Szego, [To] . 

4.2. Polynomials on the real line. Consider A = {X\ — J(Xi)}. In this case the 
index set is still No, and if is a linear functional on Ti(A), this time the kernel 
has the Hankel property, that is 

K<p(n, m + k) = K^{n + k, m), m,n,k G N . 

The parameters {jkj} do not necessarely satisfy a similar Hankel property. In fact, it 
might be interesting to find a characterization of those families of parameters {'fkj} pro- 
ducing Hankel forms. Traditionally, there are other parameters, usually called canonical 
moments, that are used. The canonical moments of can be calculated by using a 
Q-D (quotient- difference) algorithm (see [H])- Also, the recurrence formulas of type 
(|3.3j) . ()3.4|) are replaced by a three-term recurrence equation, 

(4.1) xip n {x) = b n ip n+ i{x) + a n ip n (x) + 6 n „iV9 n _!(x), 

with initial conditions = 0, ip = 1 f[To]). 

Still, parameters {'Jkj} can be associated such that (|3.3|) . (|3.4|) hold. Also, Theo- 
rem E31 and Theorem 13 .41 provide asymptotic properties of the orthogonal polynomials 
and, respectively, Hankel determinants in the corresponding Szego class. 

We consider an example computing the parameters jk,j of the Hilbert matrix, 



111 
H= 1 ~ 3 1 

111 

3 4 5 

and notice that the associated orthogonal polynomials satisfy the three-term recurrence 
equation (|4.1|) with 

n 

K-l = Z-7=s = > 71 > h 

2\/4n 2 - 1 
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and 



1 

2' 



a n = -, n > 0. 
For example, the first 5 polynomials are: 

= 0, ip = 1, <Pi{x) = \/3(2x - 1), 

(p 2 {x) = V5(6x 2 - 6x + 1), (p 3 (x) = v / 7(20x 3 - 30x 2 + 12x - 1). 

The canonical moments {p n } n >o can be calculated from the continued fraction expan- 
sion of the Stieltjes transform of the uniform measure on [0, 1], 

" 1 dx 



1 



z — X 



2 1 

3 3 



Z — 



2 1 

3 2 



1 - 



which gives 

V2k-1 

We deduce that, for n > 1, 
1 i .. 



1 

2' 



£>2fc 



2fc + 1 



fe > 1. 



det 



j_ l 

n n+1 



1 

ra+1 



2ri 



^ n+1 \ n—ln—l 

nn 

vfc=l / 1=0 k=l 



k 



k + 2l + l 



This formula, (jH.Hjl . and (|4.1jl give that 



7o,« 



/ > 1. 



Extending this argument (based on results from [E|), we deduce that 



■1) 



; _ lV /(2fc + l)(2fc + 2Z + 1) 



hence 



4 



2k + l + l 
I 



k eN ,l > 1, 



2fc + Z + 1 

These formulae show that the uniform measure on [0, 1] does not belong to the Szego 
class. 

We can obtain explicit computation of {'Jkj} for other classes of classical orthogonal 
polynomials. The main point is to notice that if {tp} n >o is the family of orthogonal 
polynomials associated to a certain weight w(x), then {ip n (x, l)} n >o is the family of or- 
thogonal polynomials associated to the weight x 2l w(x). The polynomials associated to 
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x 2l w(x) are called the modified orthogonal polynomials and their calculation for Her- 
mite and Gegenbauer polynomials can be found, for instance, in jS]. Then Theorem 13. 21 
can be used to determine the parameters {'Jkj}- Details will appear in 

4.3. Szego polynomials on several non-commuting variables. The next exam- 
ples are motivated in part by multiscale processes. These are stochastic processes 
indexed by the nodes of a tree. Isotropic processes on homogeneous trees were system- 
atically studied, see [3] and the references therein. An extension to chordal graphs was 
recently given in jTUj . Some classes of stochastic processes associated to the full binary 
(Cayley) tree were also considered (see, for instance, [TT]). 

We discuss here this last example. The vertices of the Cayley tree are indexed by 
Fjy-. Let (X,A4,fi) be a probability space and let {v a } ae $+ C L 2 (fi) be a family of 
random variables. Its covariance kernel is 

K(a, t) = v a v T dP. 
Jx 

The processes is called stationary (see |Hj), if 

(4.2) K{ra, to') = K(a, a'), r, a, a' G F+ , 



(4.3) K(a, r) = if there is no a G F^ such that a = ar or r = aa. 

Let A s = {1 - J(X k )X k | k = 1, . . . , N} U {J(X k )X h k, I = 1, . . . , N, k ^ 1} and 
note that the index set of As is Fjy-. We see that is a positive functional on Tn(As) 
if and only if is the covariance of a stationary process as above. It was noticed in 
jH] that this happens if and only if 

(4.4) 7 T(T>r(T / = 7 ffj(J /, r, a, a' G F+, 



(4.5) 7<t,t = if there is no a G F^ such that a = ar or r = aa, 

where {7o-, T | ff,r G F^,a ^ t} is the family of parameters associated to by 
Theorem 1.5.3 in The main consequence of these relations is that we can define 
7 CT = 70,<x, er e F^, and {7 CTjT | a, r G F^,a ^ r} is uniquely determined by {7< J } (7gF + 
due to the relation 

( 4 - 6 ) bcA\a\=j,\T\=k = (h«'y}\a>\ =1 ~i,\T>\=k-i) m i 3, k>i. 

From now on we assume that <fi is unital, 0(1) = 1. Then we can show that the 
recurrence equations ()3.3|) and ()3.4|) simplify to cp$ — 1 and for k G {1, ... , iV}, cr G F^, 

1 u 

( 4 -7) ^fca = -7-{X k ^ a - 7fca^L-l)> 

"fccr 
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where f \ = 1 and for k G {1, ... , N}, a G F^, 

(4-8) vL = ^-(-7fc^*^ + vL_ 1 ). 

We also notice that the algebra T N is naturally embedded into 7Zi and $ n , $| G 7/v- 
Then, Theorem 3.3 implies that G^, belongs to 7/v (but this is also seen directly), 
and through the isomorphisms mentioned in Section 2.1, 0^, can be identified with an 
element of the full Fock space over C N , and therefore with a formal power series on 
variables Xx, . . ., X^. Similarly, ($JJ -1 can be identified with a formal power series, 
denoted (y4) _1 , on variables X±, . . ., X^. Finally, we notice that belongs to the 
Szego class if and only if 

n d a > o. 

For two formal series on variables X\, . . ., Xn, the sign — > means coefficient- wise 
convergence. The next result is a consequence of Theorem T 



Theorem 4.1. Let be a functional on T^(As) and belonging to the Szego class. Then 

(4.9) n -> 
and 

(4.10) (cpl)- 1 - e . 

As a consequence of Theorem 13.41 we obtain the following result (which, aside the 
new geometrical interpretation, whould be also a direct consequence of Theorem 6.4.5 
in i). 

Theorem 4.2. Let <p be a functional on Tn(As) and belonging to the Szego class. Then 

(4.11) lim ^ = |9,(0)| 2 = J] dl. 

|t|->-oo L>i r 

// we denote the above limit by g and 

l=h #w > o, 

then 

(4.12) hm 1 



|r|-oo L 

Finally, we mention that similar results can be obtained for the commutative case, 
Ac = As U {XkXi — XiXk | k, I = 1, . . . , N}. Positive functionals on Ac correspond 
to positive definite functions on Z N . Details as well as other examples will be given in 
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